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Abstract. In this paper, we propose a 3-parameter family of coupled Painleve III 

(2) 

systems in dimension four with affine Weyl group symmetry of type A 5 . We also 

(2) 

propose its symmetric form in which the A 5 -symmetries become clearly visible. 



0. Statement of main results 

In [10, 11, 13], we presented some types of coupled Painleve systems with various 
affine Weyl group symmetries. In this paper, we present a 3-parameter family of 

(2) 

coupled Painleve III systems with affine Weyl group symmetry of type A 5 . This 
system is the first example with the Backlund transformations satisfying Noumi- 
Yamada's universal description for root system (see [3]). At first, we propose a 
3-parameter family of autonomous ordinary differential systems with the invariant 
divisors f as variables: 

(1) 

r dfo 

dt 
dfo 
dt 
dfo 
dt 
dfo 
dt 
dgi 
dt 
dg-i 

y dt 



{2(/i - h)gi - 2g 2 fi - a\ - a 3 }/o + a (/i ~ /s)> 
{2(/o - h)g% ~ 2^i/ - a - a 3 }fo + ai(/ - / 3 ), 
{(/ 3 - fx + 3/ ).9i + (/s + 3/i - f )g2 + l}/ 2 - 4q 2 . 9i . 92j 
-(2/05-1 + 2/i^ 2 + a + «i)/3 - as(/o + 

(/o - A + h)gl + {(A - A - h)92 + a + ai + a 3 } 9l + A(A + 3 A - A), 
(A - A + fo)gl + {(A - A - fo)gi + «o + «i + a 3 }<?2 + A(A + 3 A - A)- 

, «3 are 



Here A) A; A) A an d 5i,^2 denote unknown complex variables and a 
the parameters satisfying the condition 

1 

a + ax + 2a 2 + a 3 = -. 
Proposition 0.1. This system has the following invariant divisors: 



invariant divisors 


parameter's relation 


A 


= 


ao = 


A 


= 


ax — 


A 


= 


a 2 = 


A 


= 


a 3 = 
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Theorem 0.1. This system is invariant under the transformations so, si, s 2 , S3, 7r 
defined as follows: with the notation (*) := (/" , /1, fi, J3, <7i, 92'-, &o, ai, a 2 , 0:3), 

so ■ (*) -K/o, h,h + — ^— ,/s,ffi + — ,^2;-ao,ai,a2 + Q;o,Q;3j, 

Jo Jo 

si ■ (*) ->(/o,/i,/2 + — , J3,0i,02 + — ;ao,-ai,a2 + Q!i,Q!3;, 

Jl Jl 



/ v /, "2^2 , tt2#l , , 0:2(01 + 02) 
S 2 : (*) ^(/o 7" ,/l 7—, J2, J3 7 ,^1,^2; 



(2) 



/J J X /» " J ' JO n 

2 J2 J2 

a + a 2 , ai + a 2 , —a 2 , « 3 + 2a 2 ), 



(^3(91 + 92) , of 



S3 : (*) -K/0,/1,/2 + 7 + j2>fa>9i + —,92 + — ; 

Q!0, «!, «2 + ^3, — O3), 



/a 



«3 



«3 



^" : (*) -K/i,/o,/2,/3,02,0i;ai,ao,O!2,a!3)- 
Here the Poisson bracket {, } is defined by 

{/2, / 3 } = 51 + 52, {/s, 5l} = {/s, 52} = 1- 

Theorem 0.2. TTiis system has two first integrals: 
dh d (fo + fi) d(f 2 - 9ig 2 ) 



dt 

From this, we have 



dt 



dt 



/3 = /o + /i-l, h-9\9* 



h ~ 9\g2- 



Here we set 



t + c = logT, qi := g u p x := /„, g 2 := 92, P2 ■= fi, 



then we obtain a 3-parameter family of coupled Painleve III systems in dimension 

(2) 

four with afline Weyl group symmetry of type A\ explicitly given by 



(3) 



dT 
dpi 
dT 
dq 2 
dT 
dp 2 
dT 

with the Hamiltonian 



' dqi _ 2q\pi -q\ + (ap + ai + a- 3 )gi _ ^ 



+ 4p 2 + 



2qiq 2 p 2 



T T 

-1q x p\ + 2qxpi - (a + ai + a 3 )Pi + atp _ 2p x q 2 p 2 

T T 

QlP2 ~q 2 + (<*o + «i + "3)^2 - . . . 2q x p x q 2 
1 + 4pi + — , 

-2g 2 p 2 + 2q 2 jo 2 - (a + «i + a 3 )p2 + «i 2q x p x p 2 



(4) 



gjp2 _ g 2 pi + ^ + ai + a 3 )q 1 p 1 - a <?i 
= ^ Pi 

, 92P2 - «iP2 + («o + ai + a 3 )g2P2 - a ± q 2 2q 1 p 1 q 2 p 2 
H ^ P2 + 4pip 2 + 



T r * T 

Here the Poisson bracket {, } is defined by 

Ui,Pi} = {<l2,P2} = 1, {gi,^} = {gi,P2> = {Pl,52> = {Pl,P2> = 0. 
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FIGURE 1. The transformations Sj satisfy the relations: sj — 1 (i — 

0. 1.2.3), (s si) 2 = (s s 3 ) 2 = (sis 3 ) 2 = 1, (s s 2 ) 3 = (sis 2 ) 3 = 

1, (s 2 s 3 ) 4 = 1. 



Theorem 0.3. This system is invariant under the transformations so, s±, s 2 , s 3 , vr" 
defined as follows: with the notation (*) := q2,P2, T; a , a±, a 2 , ot 3 ), 



(5) 



*(<?i H ,Pi,Q2,P2,T] -a ,a 1 ,a 2 + «o,«3), 

Pi 

iQi,Pi,Q2 + —,P2,T; a , -a x ,a 2 + ai,a 3 ), 
P2 



"2^2 



92, P2 



«2<?1 



P1 + P2-1 P1 + P2-1 

K<?2,P2, qi,pi,T; an, ao, a 2 , a 3 ). 



qiq 2 + T q x q 2 + T 

«3 «3 
,Pl,92 + 



,T;a + a 2 ,ai + a> 2 , —a 2 , a 3 + 2a 2 ), 
, p 2 , T; a , ai,a 2 + a 3 , -a 3 ), 
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